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The purpose of the present paper is to fill up an important gap in the quantum theory of multiple light scattering by developing a quantum description of dynamic multiple light scattering in fluctuating disordered media. In contrast to the previous work ͓7,8͔, we take into account the evolution of a disordered medium ͑e.g., Brownian or more complex motion of scattering centers͒ in the course of a multiple scattering experiment. This leads to an interesting and rich problem of quantum dynamics, where the quantum fluctuations of light are coupled with the classical fluctuations of the medium. Our results allow us to estimate the impact of disorder on the information capacity of quantum communication channels, and to lay a foundation for the use of nonclassical light as a probe of disordered media.
We consider a slab of disordered medium that, for concreteness, we assume to be a suspension of mobile, elastically scattering particles ͑see Fig. 1͒ . For each frequency , light incident on the slab can be decomposed into M transverse modes that we denote by indices aЈ and bЈ for modes on the left and on the right of the slab, respectively. All but one of the incoming modes are assumed to be in vacuum states. The state of the mode aЈ = a on the left can be arbitrary, and it corresponds to the light that one sends into the medium in an experiment. We are interested in the properties of multiply scattered light in the transmitted, outgoing mode b.
To quantize the electromagnetic field we use the same method as Beenakker et al. ͓7͔ and Lodahl et al. ͓8͔ , who considered disordered media with immobile scattering centers. An annihilation operator â i ͑͒ is associated with each mode, and standard bosonic commutation relations are assumed ͓7,8͔:
͑1͒
where i and j run either over all incoming modes or over all outgoing modes. We now note that the fluctuating disordered medium acts as a beam splitter having M input and M output ports and time-dependent transmission and reflection coefficients a Ј b ͑t͒ and b Ј b ͑t͒. By analogy with the work of Hussain et al. ͓13͔, who dealt with a "regular" beam splitter ͑M =2͒ having time-dependent properties, we assume that a Ј b ͑t͒ and b Ј b ͑t͒ are frequency independent and that they do not vary significantly during the typical time it takes for light to cross the disordered sample. The former assumption requires a sufficiently narrow bandwidth B of the incident light, whereas the latter is justified provided that the dynamics of the medium is slow. With these assumptions in hand, the input-output relations for â i ͑͒ read
where â i ͑t͒ denotes the Fourier transform of â i ͑͒. the central frequency 0 of the incident light ͓13,14͔. Similarly to the case of immobile scatterers ͓7,8͔, Eq. ͑2͒ conserves the commutation relations ͑1͒, due to the unitarity of the scattering matrix composed of a Ј b ͑t͒ and b Ј b ͑t͒ in the absence of absorption. However, in contrast to the previous work ͓7,8͔, Eq. ͑2͒ implies the possibility of energy exchange between different spectral components upon transmission of light through a fluctuating disordered medium. This becomes clear when we back-Fourier-transform Eq. ͑2͒, because products of time-dependent quantities become convolutions in the frequency space. Such an energy exchange is by no means a nonlinear phenomenon, but is a manifestation of the Doppler effect due to scattering of light on moving particles.
To establish a link between â i ͑t͒ and measurable quantities, we define a flux operator Î i ͑t͒ = â i † ͑t͒â i ͑t͒ that, when integrated from t to t + T, yields a photon number operator n i ͑t , T͒ corresponding to the number of photocounts measured by an ideal, fast photodetector illuminated by light in the mode i during some sampling time T ͓14͔. A relation between the average values of operators n b ͑t , T͒ and n a ͑t , T͒ corresponding to the outgoing mode b and the incoming mode a, respectively, is readily found from Eqs. ͑1͒ and ͑2͒:
2 , the angular brackets denote the quantum-mechanical expectation value, and the overbar denotes averaging over disorder. By the ergodicity hypothesis, the simultaneous averaging ͗¯͘ over both disorder and quantum fluctuations can be replaced by time averaging in a realistic experiment with a fluctuating disordered medium, provided that the incident light is stationary. On the contrary, there is no simple way of obtaining averages over either disorder or quantum fluctuations separately.
Although the relation between ͗n b ͘ and ͗n a ͘ is independent of the quantum state of the incident light, the latter is crucial for the second-order statistics of the photon number operator. To illustrate this, we consider a particularly simple case of a stationary, quasimonochromatic incident beam for which both ͗Î a ͑t͒͘ and ͗:Î a ͑t 1 ͒Î a ͑t 2 ͒ : ͘, with :¯: denoting normal ordering ͓15͔, can be considered time independent on the scale of T. This includes a number of practically important examples on which we will dwell in more detail: coherent light, continuous-wave quadrature squeezed light with a rectangular squeezing spectrum of width B Ӷ 1/T around the central frequency of a perfectly monochromatic mean field A 0 exp͑−i 0 t + i͒ ͓16͔, light in a generalized continuum number state ͉n , ͘ with a box-shaped envelope function ͑t͒ = ͑t max − t min ͒ −1/2 exp͑−i 0 t͒, where t min ഛ t 1 , t 2 ഛ t max , 1 and chaotic light with a long coherence time t coh ӷ T. Making use of Eqs. ͑1͒ and ͑2͒, we find that the normalized variance of photon number fluctuations in the outgoing mode b can be written as represents the "classical" part of ␦ b 2 in the sense that it is determined uniquely by the ͑classical͒ fluctuations of the transmission coefficient T ab ͑t͒ due to the motion of scattering centers in the medium.
The mere fact that Eq. ͑3͒ contains both classical ͑or "wave"͒ and quantum ͑or "particle"͒ contributions is not surprising, and could be anticipated already from early ideas of Einstein ͑the so-called Einstein fluctuation formula͒ ͓17,18͔. However, the exact structure of Eq. ͑3͒ and, in particular, the way it depends on the quantum state of the incident light ͑i.e., on the Mandel parameter Q a ͒ is difficult to conjecture without an explicit calculation. The main conclusion following from Eq. ͑3͒ is that, in the general case, the variance of photon number fluctuations in transmission through a fluctuating disordered medium is not simply a sum of quantum and classical ͑due to disorder͒ contributions, but rather a much more complicated object. In particular, the last term of Eq. ͑3͒ mixes classical fluctuations and quantum noise in a multiplicative way. Only for incident light in the coherent state does Q a = 0 and Eq. ͑3͒ reduces to a sum of shot noise 1 / ͗n b ͘ The generalized continuum number state with an envelope ͑t͒ is constructed from the vacuum state ͉0͘ according to ͉n ,
eter is negative if r Ͻ r 0 , with r 0 depending on A 0 2 / B, leading to ␦ excess 2 Ͻ 0, similarly to the number state. This is illustrated in Fig. 2 for C T ab ͑t͒ = ͑t / t 0 ͒ / sinh 2 ͱ t / t 0 , which corresponds to a suspension of small Brownian particles ͓5,6͔. In the above expression for C T ab ͑t͒, corrections of order 1 / g ͑with g ӷ 1 the dimensionless conductance of the disordered sample͒ are neglected. The characteristic decay time t 0 of C T ab ͑t͒ is defined in the caption of Fig. 2 . With A 0 2 / B = 1 chosen for this figure the excess noise is negative for r Ͻ r 0 Ӎ 0.6.
It is instructive to compare Eq. ͑3͒ with the result obtained by Lodahl et Equation ͑3͒ can be used to estimate the effect of disorder on the information capacity of quantum communication channels operating in disordered environments. As an example, let us consider a communication channel connecting Alice on the left of the disordered medium in Fig. 1 and Bob on the right. Alice communicates with Bob by sending a sequence of number states, each of duration T and containing up to n a max photons, in the incoming mode a. Bob reconstructs the message of Alice by counting photons in the outgoing mode b during the same time intervals T. By using the theory of linear bosonic communication channels ͓19͔ and Eq. ͑3͒, we find that the information capacity of such a channel is
Te ln 2
where we drop higher-order terms in n a max T ab Ӷ 1, which is justified by the condition T ab Ӷ 1 typical for transmission of light through a diffusely scattering medium. As could be expected, the ͑classical͒ fluctuations ␦ class 2 reduce the capacity of the channel. However, this reduction is only second order in n a max T ab Ӷ 1. The drop of capacity in the presence of disorder is therefore mainly due to the reduced average value of the transmission coefficient T ab rather than to the fluctuations of the latter. Interestingly, C appears to be independent of ␦ class 2 if n a max =1 ͑Alice sends either one or no photons͒.
The condition n a max T ab Ӷ 1 used to derive Eq. ͑5͒ restricts the number of photons in individual number states that play the role of "letters" of which Alice composes her messages, but this condition restricts neither the total length of a message, nor the amount of information that it contains. In the opposite limit of n a max T ab ӷ 1, quantum effects become negligible and one can apply the classical information theory ͓20͔. In the intermediate regime of n a max T ab ϳ 1, Eq. ͑3͒ is not sufficient for the calculation of capacity and knowledge of higher moments of n b is required. Study of these higher moments is beyond the scope of the present paper.
Correlation of photon numbers in the same mode b but in two different, nonoverlapping time intervals,
is also affected by the quantum state of incident light and can be reduced to
where C n a ͑t͒ is the autocorrelation function of photon number fluctuations in the incident mode a. In order to put Eq. ͑7͒ in a simple form, the typical decay time of C T ab ͑t͒ is assumed to be much longer than T. Equation ͑7͒ is more general than Eq. ͑3͒ and requires neither stationarity nor monochromaticity of the incident light. For light in the coherent state C n a ͑t͒ = 0 and C n b ͑t͒ = C T ab ͑t͒. This result actually lies at the heart of diffusing-wave spectroscopy ͑DWS͒ and other photon correlation techniques that identify the measured C n b ͑t͒ with C T ab ͑t͒ and interpret it in terms of classical wave scattering.
For nonclassical states of incident light C n b ͑t͒ is not equal to C T ab ͑t͒. For the number state ͉n a , ͘, C n a ͑t͒ =−1/n a and C n b ͑t͒ can take negative values and becomes independent of time for n a = 1. These strange properties are direct consequences of the conservation of total number of photons-a conservation law which does not apply to the coherent state where the number of photons is not a good quantum number. For squeezed light we find C n a ͑t͒ = f(r , , A 0 2 / B , sinc͑Bt͒). As illustrated in Fig. 3 , squeezing induces oscillations of C n b ͑t͒ and decreases its value at short t. The latter reaches a minimum at some r = r 1 ͑r 1 Ӎ 0.3 in Fig. 3͒ and then grows again, exceeding 1 at large r. The results presented in Fig. 3 open a way to performing DWS with squeezed light; the necessary experimental setup is completely analogous to the "traditional" DWS one ͓5,6͔, except that a source of squeezed light should be used instead of a laser. A completely new experiment that has no analog in the realm of classical light scattering would be performing DWS with squeezed vacuum ͑i.e., with incident light in a squeezed state with A 0 =0͒.
Provided that T ab ͑t͒ is replaced by T a ͑t͒ = ͚ b T ab ͑t͒ in the definition of C T ab ͑t͒, the main results of this paper-Eqs. ͑3͒ and ͑7͒-also hold for the variance and the autocorrelation function of n = ͚ b n b -a photon number operator corresponding to the total transmission measurement. Equations ͑3͒ and ͑7͒ thus implicitly account for all possible long-range ͑in space or in time͒ correlations of T ab ͑t͒ that were extensively studied previously ͓9,10͔. The effect of long-range correlations on photon number fluctuations in total transmission through a suspension of scattering particles in Brownian motion has been recently studied by Balog et al. ͓12͔ for incident light in a coherent state, and the result following for this case from Eq. ͑3͒ has been confirmed experimentally.
In conclusion, we developed a quantum description of dynamic multiple light scattering in fluctuating disordered media. We calculated the fluctuation and the autocorrelation function of the photon number operator in transmission through a slab of mobile scattering particles. We applied our results to estimate the effect of disorder on the information capacity of a quantum communication channel operating in a disordered environment and to discuss the possibilities of performing diffusing-wave spectroscopy with squeezed light. Our results suggest that using nonclassical light ͑single photons, light in number states, squeezed light͒ opens interesting perspectives in the optics of disordered media. 
